Abstract -A new mixed finite volume method for elliptic equations with tensor coefficients on rectangular meshes (2 and 3-D) is presented. The implementation of the discretization as a finite volume method for the scalar variable ("pressure") is derived. The scheme is well suited for heterogeneous and anisotropic media because of the generalized harmonic averaging. It is shown that the method is stable and well posed. First-order error estimates are derived. The theoretical results are confirmed by the presented numerical experiments.
Introduction
Frequently finite volume methods are approximation methods of choice for many applications, such as fluid flow in porous media, where the differential problem is derived from the conservation law in an integral form. They are locally mass conservative, simple and robust discretizations.
There has been considerable interest in the application of the finite volume method for general meshes such as triangular [10, 11] and Voronoi/PEBI grids [9, 13, 16] . Unfortunately, this approach seems to be applicable only on some classes of meshes and only for the scalar coefficient of the differential problem.
To alleviate this problem, many researchers, Aavatsmark et al. [1] , Edwards [7, 8] , Verma [21, 22] , and others derive finite volume methods using finite element spaces. The extra unknowns are eliminated by enforcing locally the conservation. These methods are cheaper than the standard mixed finite element methods [3, 17] or control volume mixed finite element methods developed by Russell et al. [4] , Thomas et al. [20] and support-operator finite difference schemes by Shaskov [19] , and more flexible than the methods proposed by Arbogast, Wheeler, and Yotov [2] . Although these methods have gained popularity among engineers, there is still no rigorous mathematical theory available, and numerical studies of the stability and accuracy of the methods have just begun. Our preliminary results [15] suggest that in some cases these approaches are not very accurate.
We develop a cheap, accurate and robust mixed finite volume method for discretization of elliptic PDEs on rectangular meshes in 2 and 3-D. We present a rigorous mathematical analysis of the stability and convergence of the derived approximation. This method is well defined for general tensor coefficients and produces simultaneously approximations of the flux and the pressure variables, but reduces to the finite difference schemes only for the pressure. The discretization produces multipoint flux approximations in general. The scheme is well suited for heterogeneous and anisotropic media because of the generalized harmonic averaging and, therefore, can have application in reservoir simulations.
This scheme coincides with the standard cell-centered method for scalar or diagonal tensor coefficients. The discretization is a generalization of a finite difference scheme proposed by Ware, Parrott and Rogers [23] . Both methods are identical as finite volume methods, i.e., only for the scalar variable (pressure), but we are able to recover a convergent approximation of the vector variable (flux). Some preliminary results were reported in [14] .
The rest of the paper is organized as follows. In Section 1 we consider a simple model problem. The discretization is derived in Section 2 and the necessary formulas for the implementation are presented in Section 3. The stability and error estimates are derived in sections 4 and 5. The numerical experiments presented in Section 6 (and those in [23] ) confirm the error estimates. We finish the paper with short conclusions.
Model problem
Consider the model boundary value problem: find a function p(x) that satisfies the differential equation and the boundary condition:
Here Ω is a domain in
(Ω). Define u = −K∇p. Then we can write (1a) as a first order system
Clearly, (u, p) is a solution of (2) if and only if p is a solution of (1).
Discretization
We consider two grids. The primary grid is a rectangular cell-centered mesh F h defined by the centers of the rectangles and with vertices at the filled circles (see Fig. 1 ). The velocity u is discretized on the secondary mesh D h dual in a some sense to the primary mesh. The 
where
) and the direction of n E is from left to right or from bottom to top in 2-D. We can rewrite equation (3b) as
which shows that the matrix of the discretization is symmetric. The motivation for the definition of (3) is as follows (Chou and Vassilevski [5] used a similar approach to derive a different method). Rewrite the equation
Consider one element of D h split into polygons/polyhedra by the edges of 
and the assumption that q is a constant. Note that ∂V coincide with E ∈ E h .
Implementation
In this section we provide all necessary formulas for the implementation of MFEM as a finite difference scheme. First, we specify bases for the spaces V h and Q h . The space Q h is spanned by piecewise constant functions
such that q i = 1 on the primary mesh box V i and is zero everywhere else.
To build a basis for the velocity space V h , we consider one element Fig. 2 ).
There are four degrees of freedom in D and we choose the degrees of freedom to be the integrals of the flux, i.e., the numbers
Consider the vector functions e ij , e ik , e jl and e kl defined by the relations
Clearly, e ij , e ik , e jl and e kl are linearly independent and, therefore, form a basis, i.e.,
Denote
Consider equation (3a) with the vector function v h = e ij , e ik , e jl and e kl respectively, i.e.,
The matrix {t mn,pq } i,j,k,l is invertible since the vectors e mn , m, n = i, j, k, l are linearly independent. Therefore we can define 
The matrix T can be considered as a transmissibility matrix. We substitute the expression for the fluxes from equation (4) into equation (3b) to obtain the finite volume formulation.
Existence and stability of the discrete solution
First we recall the result for the general problem [3] . Let V and Q be Hilbert spaces. Consider the problem
g ∈ V , and f ∈ Q . We introduce a linear operator B : V → Q and its transpose B t : Q → V defined by
Suppose that a(., .) and b(., .) satisfy 
In order to use Theorem 4.1, we introduce norms in V h and Q h and bilinear forms. Given a volume V i ∈ F h , denote with m(V i ) the measure of V i and with Π(i) = {j :
Here q(x i ) = q i and x i is the center of volume V i and d(x i , x j ) is the distance between the points x i and x j . The space V h is equipped with a standard vector L 2 -norm. Define the negative norm
The bilinear forms are defined by
Suppose there exist positive constants c K and C K such that
We assume that the primary mesh is regular in the sense that there is a positive constant C F such that
where h x and h y are the dimensions of the rectangle V ∈ F h .
Corollary 4.1. If assumptions (7) and (8) are satisfied, then problem (3) has a unique solution and there exists a constant C independent of h such that
Proof. We establish the stability of problem (3a), (3b) verifying conditions (6a)-(6d). Conditions (6a) and (6c) follow immediately from (7):
To prove (6b) and (6d), we observe that
Given q ∈ Q h , pick v(q) such that
and therefore
Note that
where C P F is the constant from the discrete Poincaré-Friedrichs inequality.
Error estimates
The general theory in Brezzi and Fortin [3] does not cover our particular case. The necessary results are proven below. The weak formulation (2a), (2b) for the continuous problem (1a), (1b) can be written as: find (u, p) ∈ U × P such that
The discrete problem (3) can be recast as:
Note that a(., .) = a h (., .) and
Using these facts and following the general procedure [3] , we prove the following theorem.
Theorem 5.1. Let (u, p) be the solution of problem (11) and (u h , p h ) be the solution of (12) . Assume the hypotheses (6a)-(6d) hold, then we have
Proof. Denote
and, therefore,
and, therefore, by (9) and (10)
For v h ∈ L h equation (15) becomes
By continuity and coercivity
Then, since
Similarly for
By the triangle inequality and (16) we obtain the desired result.
We estimate the three terms on the right-hand side of (13). The error estimate for the constant interpolant I c h in V h is provided below. Consider the reference elementD and the constant interpolantÎ c defined bŷ
We have
To estimate the second term in (13), we consider an auxiliary problem
F is chosen such that the solution of (17) is also a solution of (1). We discretize equation (17) with the standard cell-centered discretization and suppose that the discrete solution is
we have an estimate [18] p − P h 1,h Ch|p| 2,Ω .
Therefore, inf
The term M h defined in (14) is estimated in the following lemma. 
where L ij , L ik , L jl , and L kl are linear functionals. For example,
By the definition of the basis vectors l ij e ij · n ij = 1. Therefore,
Applying the Bramble-Hilbert lemma argument, we immediately get the estimate
We summarize the above results in the following main result.
(Ω)) be the solution of problem (2a), (2b) and (u h , p h ) be the solution of (3a), (3b). Then the following estimate holds:
Numerical experiments
In this section we present the numerical results for two model problems on the square domain
. In each of the problems, we select the diffusion coefficient K(x, y) and the exact solution p(x, y) and calculate the corresponding right hand side.
We report the error between the exact solution (p, u) and the approximate solution (p h , u h ) in the following norms:
We also include the rate of convergence β, i.e., h β . First we consider the simplest problem with a smooth solution. K(x, y) = I, p(x, y) = sin(πx) sin(πy).
Recall that for the scalar coefficient our discretization coincides with the standard five point finite volume method. The results are reported in Table 1 . As would be expected, we have a second-order convergence (superconvergence) for the pressure in H 1 h -norm [12, 18] . We also observe second-order convergence of the pressure in L 2 -norm, a first-order convergence of the flux in L 2 -norm as predicted by the theory, and a half-order convergence of the flux in H(div) h -norm.
Next, we investigate the influence of the tensor coefficients in the following problem. The results are reported in Table 2 . The behavior of the error is identical to the scalar coefficient case.
